The following problem was posed by user "Kevin" on Mathoverflow. How to prove this polynomial always has integer values at all integers? P m (x) =
.
Our task is to show it takes integer values on integers.
As Kevin explains at Folowing Wadim Zudilin we put
For k ≥ 0 the B k are even polynomials of degree 2k that take integer values on integers. One has B k (k) = 1 for k ≥ 1, but B 0 (0) = 2. Further B k (i) = 0 for |i| < k. So the matrix
is triangular.
Every even polynomial f (x) of degree 2j is clearly a linear combination of B 0 , . . . , B j and the coefficients are determined by f (0), . . . , f (j). When f (0) = 0 it is actually a linear combination of B 1 , . . . , B j .
Rewrite P m (x) as
with d(m, k) ∈ Q. As explained by Kevin, P m (k) vanishes if m > 2|k| − 2 ≥ 0 because all terms in the sum vanish. It can also be shown that P m (0) = 0 for m ≥ 2, but that is more tricky. Indeed we will show that d(m, 0) = 0 for m ≥ 2.
Note that P m (x) visibly lies in the local ring Z (2) for integer x. So it suffices to show that d(m, k) lies in Z (p) for any odd prime p. In fact we will find that the d(m, k) are integers for m ≥ 1. And d(0, 0) = 3/2 lies in Z (p) for our odd prime p. For m not too large one may simply compute all d(m, k). The matrix
looks like this 
We will tacitly use it to deal with small values of m.
We will study the set
Using a method of Zeilberger we will prove relations between the d(m, k) that were first discovered experimentally. One relation allows us to rewrite m(m − 1)(1 + 2m)d(m, k) in such a manner that we can use the method of Floors described in Together with the relations this will allow us to show that V p fills all of Z×Z for odd primes p.
Our variables i, j, k, m, n, q will take integer values only.
As in the A=B book [1] we use the convention that 
Taking the telescoping sum over j gives
This allows us to conclude that
In particular d(m, k) = 0 for m < 0 and for k > m. We will see that m(m − 1)d(m, k) also vanishes for 2k − 2 < m.
Let us use the notation [statement] = 1, if statement is true; 0, otherwise.
where
Key results
•
• rel2(m, k) vanishes.
• is triangular with ones on the diagonal. We conclude that d(m, k) ∈ Z (2) for m ≥ 2.
Let p be a prime, p ≥ 5, and let m ≥ 2. If p does not divide 2m
If m ≡ 1 mod 9, or m ≡ 7 mod 9, then (2m + 1)/3 is prime to 3 and
If m ≡ 4 mod 9, then (m − 1)(m + 1)/3 is prime to 3 and
We conclude that d(m, k) ∈ Z (3) for m ≥ 2. So the d(m, k) are integers for m ≥ 2 and P m takes integer values on integers for m ≥ 2. Recall that P 0 , P 1 also take integer values. Done.
So we still have to prove the Key results.
First a technical issue. If x > 0 then
Γ(1+j)Γ(1+x−j) and the bimeromorphic function
is continuous at (x, j). However, if i < 0 then f has an indeterminate value at (i, j). For example, i i equals 1 if i ≥ 0, but it vanishes for i < 0. At (−1, −1) both 0 and 1 are values of f . Indeed Mathematica can be steered to give either answer.
True. This answer is correct, but it tells only that for generic complex numbers i the identity holds.
Thus we need to make case distinctions when using identities between multimeromorphic functions, explicitly or implicitly, to prove identities involving the and show that
for m ≥ 0. So we do that and then sum over i, using (Σi). The g terms drop out by telescoping and we get a relation
valid for all m, as it is obvious for m < 0. We may rewrite it as a recursion for rel1:
As d(m, k) vanishes for k > m, it follows from the recursion that rel1(m, k) vanishes for all k.
So we have established the vanishing of rel1(m, k).
,
pterm(m, x, i, j). Before turning to rel2(m, k) we compute d(2k − 2, k) and d(2k − 3, k) for k ≥ 3. These are the values that help to compute all d(m, k) recursively with the recursion given by rel1(m, k)=0. As d(2k − 2, j) vanishes for j < k, one has
and similarly By substituting the definitions and expanding we check that
As rel1 vanishes, this leads to the following recursion for rel2.
As rel2(m, k) = 0 for 2k − 4 ≤ m or k ≤ 1, the recursion shows by induction on k that rel2(m, k) = 0 for all m, k.
So we have also established the vanishing of rel2(m, k) and it is time to show the Key result that m(m − 1)(2m + 1)d(m, k) is an integer multiple of 3m(m − 1). This is obvious for m < 2, so we further assume m ≥ 2. Then we know that d(m, 0) = 0 and we have seen this implies d(m, k) ∈ Z (2) . So it suffices to show that
Using relation (Σi) we may rewrite rel1(m, k) = 0 as
We claim that
That will prove that the (m − 1)m(2m + 1)d(m, k − 1) are integer multiples of 3m(m − 1).
. We now look at frac1(m, k, i)/(6m(m − 1)).
So we may assume 0 It is based on
According to the method it suffices to check that test(m, i, 2n + 1) ≥ 0 for n ≥ 1, where
This is a tedious puzzle. This can be treated like the previous case. We eliminate k, m, i in that order and take n ≥ 6 as bound where all 8 × 1278 Floors are stable.
Done

